Three radii are associated with a circle: the "geodesic radius" r * which is the distance from circle's center to its perimeter, the "circumferential radius"r which is the length of the perimeter divided by 2π and the "curvature radius" R which is circle's curvature radius in the Frenet sense. In the flat Euclidean geometry it is r * =r = R, but in a curved space these three radii are different. I show that although Newton's dynamics uses Euclidean geometry, its equations that describe circular motion in spherical gravity always unambiguously refer to one particular radius of the three -geodesic, circumferential, or curvature. For example, the gravitational force is given by F = −GM m/r 2 , and the centrifugal force by mv 2 /R. Building on this, I derive a Newtonian formula for the perihelion of Mercury advance.
Introduction
Newton's theory of gravity was formulated in a flat, Euclidean 3-D space but its basic laws, i.e. the Poisson equation and the equation of motion,
make a perfect sense in the 3-D space with an arbitrary geometry g ik . Here, I will show that some of the geometrical concepts in a curved space naturally pop-up from the Newtonian dynamics. In particular, Newton's dynamics knows about differences between the three radii of a circle: the geodesic radius r * , the circumferential radiusr, and the curvature radius R (shown in Figure 1 ; in the next Section, we give their formal definitions). Therefore, these radii may be measured by Newtonian dynamical experiments. In the flat, Euclidean, space the three radii are equal, but in a space with a non-zero Gaussian curvature G, they are different 1 . The Gaussian curvature may be calculated from the explicitly known relation G = G(r * ,r), which means that it can be measured from Newtonian experiments. Then, the perihelion of the Mercury advance ∆φ may be explained in Newton's theory because, as we will show later in this article, Newton's theory predicts,
1 The Gaussian curvature at a particular point of a 2-D surface is given by its two principal curvature radii, G = 1/(R1R2). For a sphere with radius R it is G = 1/(R 2 ), for a cylinder it is G = 0. According to Gauss's Theorema Egregium, the curvature G may be determined by intrinsic geometry of the surface, with no reference to the external 3-D Euclidean space. Note that the dimension of the Gaussian curvature is 1/(lenght) 2 .
The three radii of a circle
Consider a two dimensional curved surface with the metric
A circle is defined by the condition r * = const. The geodesic radius of the circle equals r * . This follows from Fig. 1 . Geodesic r * , circumferentialr, and curvature R radii of a circle on a curved 2-D surface. The curvature radius may be calculated from the other two, R = R(r * ,r).
The circumferential radius of the circle equalsr. This follows from
A unit tangent vector to a circle is defined by
where δ i φ is the Kronecker delta. The curvature radius R of a circle is defined by,
This definition follows from the Frenet formula,
where λ i is a unit vector normal to the circle. We will use later two useful formulae for the curvature of the circle K = 1/R, and for the Gaussian curvature G of the surface with the metric (4),
Formula (10) follows from (9). For derivation of (11) see e.g. Synge and Schild (1978) , Section 3.4.
Equations of motion
Let us consider a curve in space given by a parametric equation,
where x i are coordinates in space, and s is the length along the curve. If a body moves along this curve, its velocity equals,
Here v = ds/dt is the speed of the body and τ i = dx i /ds is a unit vector tangent to the curve (12), i.e. the direction of motion. The acceleration may be calculated as follow,
Assuming a particular of circular motion with constant velocity, v = const, and applying (9) to calculate the term in brackets, we arrive at
which is the well known formula for the centrifugal acceleration.
Consider now a circular motion around a spherically symmetric center of gravity. The Newtonian equation of motion, F i = ma i , takes the form,
where F i = −m∇ i Φ is the gravitational force, and Φ is the gravitational potential. Three quantities characterize motion at a particular circular orbit: the angular velocity Ω, the angular speed v, and the specific angular momentum L. They are related by,
Using (18), and multiplying its left and right side by λ i , we transform the equation of motion (16) into a form which will be convenient later,
Let us remind that λ i is a unit, outside pointing, vector. Here "outside" has the absolute meaning -outside the center, in the direction to infinity. We will calculate the left-hand side of this equation in the next Section.
Newton's gravity and Kepler's law
In an empty space, the gravitational potential Φ obeys the Laplace equation,
Let us integrate (20) over the volume Î that is contained between two spheres, concentric with the gravity center, with sphere Ë 1 being inside sphere Ë 2 . We transform the volume integral into the surface integral, using the Gauss theorem
The oriented surface elements on the spherical surfaces Ë 1 and Ë 2 may be written, respectively, as
i dË = +λ i dË,
and therefore,
This means that the value integral is the same, say S 0 , for all spheres around the gravity center. In addition, because of the spherical symmetry of the potential, the quantity (∇ i Φ)λ i is constant over the sphere of integration. Thus,
Combining (24) with (19), we may finally write,
